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Straight, uniform magnetic field 
provides perpendicular confinement

Toroidal magnetic confinement of charged particles 

Charged particle
“Guiding center”
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Straight, uniform magnetic field 
provides perpendicular confinement Avoid end losses! 

Toroidal magnetic confinement of charged particles 31



Toroidal magnetic confinement of charged particles 
 Step 1: Continuously nested toroidal surfaces
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Toroidal

Poloidal

“Magnetic surfaces” (const 𝝍)
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Particle “banana” orbit

Poloidal projection

Toroidal confinement requires rotational transform
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Toroidal magnetic confinement of charged particles 
 Step 2: Rotational transform
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Guiding center 
drift

R

Z

Magnetic surface
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𝜄 =
#	poloidal	turns
#	toroidal	turns

“rotational transform”

Particle “banana” orbit

Poloidal projection

Toroidal confinement requires rotational transform
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Toroidal magnetic confinement of charged particles 
 Step 2: Rotational transform

Width ∼ 1/𝜄

5

Guiding center 
drift

R

Z

Magnetic surface
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𝜄 =
#	poloidal	turns
#	toroidal	turns

=
1
𝑞

“rotational transform” “safety factor”

Magnetic confinement without symmetry
 The solution: rotational transform
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𝜄 = 3/2 𝜄 = 1
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𝜄 = 3/2 𝜄 = 1

𝜄 =
#	poloidal	turns
#	toroidal	turns

=
1
𝑞

“rotational transform” “safety factor”

Magnetic confinement without symmetry
 The solution: rotational transform
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Rotational transform can be generated by symmetry-breaking 5

𝜄 ≈ current +  rotating ellipticity + axis torsion 

5



Tokamak

5

𝜄 ≈ current +  rotating ellipticity + axis torsion 

Rotational transform can be generated by symmetry-breaking 5



Large Helical Device

5

𝜄 ≈ current +  rotating ellipticity + axis torsion 

Rotational transform can be generated by symmetry-breaking 5



𝜄 ≈ current +  rotating ellipticity + axis torsion 

Spitzer’s figure-eight

5Rotational transform can be generated by symmetry-breaking 5



𝜄 ≈ current +  rotating ellipticity + axis torsion 

5Rotational transform can be generated by symmetry-breaking 

Side viewTop view
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This formed the basis for early stellarator experiments
Figure-eight (Princeton Model A) – 1953-1958

C. H. Willis, NJ Project Matterhorn (1953).

Racetrack (Princeton Model C) – 1962-1969
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The tokamak enters the scene 67
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Tokamak Fusion 
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National 
Spherical Torus

Experiment

Symmetric 
Tokamak

Model C
Stellarator

Model A/B
Stellarators

The tokamak enters the scene 7
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Ingredients of stellarator confinement
 Magnetic field integrability

NCSX Modular Coils

D. Strickler et al, IAEA (2004).
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D. Strickler et al, IAEA (2004).

NCSX Modular Coils

Ingredients of stellarator confinement
 Magnetic field integrability

78



Ingredients of stellarator confinement
  Magnetic field integrability – Hamiltonian nature of field line flow

Constant 𝜌 surfaces 
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𝑨 𝜌, 𝜃, 𝜙 = 𝜌∇𝜃 − 𝜒 𝜌, 𝜃, 𝜙 ∇𝜙
𝑩 𝜌, 𝜃, 𝜙 = ∇ 𝜌×∇𝜃 − ∇𝜒×∇𝜙
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Ingredients of stellarator confinement
  Magnetic field integrability – Hamiltonian nature of field line flow

8

Constant	𝜌 surfaces 

𝑨 𝜌, 𝜃, 𝜙 = 𝜌∇𝜃 − 𝜒 𝜌, 𝜃, 𝜙 ∇𝜙
𝑩 𝜌, 𝜃, 𝜙 = ∇ 𝜌×∇𝜃 − ∇𝜒×∇𝜙

𝑑𝜃
𝑑𝜙

=
𝑩 ⋅ ∇𝜃
𝑩 ⋅ ∇𝜙

=
𝜕𝜒 𝜌, 𝜃, 𝜙

𝜕𝜌
𝑑𝜌
𝑑𝜙

=
𝑩 ⋅ ∇𝜌
𝑩 ⋅ ∇𝜙

= −
𝜕𝜒 𝜌, 𝜃, 𝜙

𝜕𝜃

Hamiltonian →𝜒 𝜌, 𝜃, 𝜙
coordinate → 𝜃
momentum →𝜌
time → 𝜙
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𝑨 𝜌, 𝜃, 𝜙 = 𝜌∇𝜃 − 𝜒 𝜌, 𝜃, 𝜙 ∇𝜙
𝑩 𝜌, 𝜃, 𝜙 = ∇ 𝜌×∇𝜃 − ∇𝜒×∇𝜙

𝑑𝜃
𝑑𝜙

=
𝑩 ⋅ ∇𝜃
𝑩 ⋅ ∇𝜙

=
𝜕𝜒 𝜌, 𝜃, 𝜙

𝜕𝜌
𝑑𝜌
𝑑𝜙

=
𝑩 ⋅ ∇𝜌
𝑩 ⋅ ∇𝜙

= −
𝜕𝜒 𝜌, 𝜃, 𝜙

𝜕𝜃

Constant	𝜌 surfaces 

!" #,%,&
!& = 0 →	integrability

Hamiltonian →𝜒 𝜌, 𝜃, 𝜙
coordinate → 𝜃
momentum →𝜌
time → 𝜙

𝑩 ⋅ ∇𝜒= 0 → 𝜒	is a magnetic surface label

Ingredients of stellarator confinement
  Magnetic field integrability – Hamiltonian nature of field line flow
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𝑩 𝜌, 𝜃, 𝜙 = ∇𝜌×∇𝜃 − ∇𝜒(𝜌, 𝜃, 𝜙)×∇𝜙

𝜒(𝜌, 𝜃, 𝜙) =
1
2
𝜌' + 𝜖 cos 2𝜃 − 𝜙 	

Integrable Non-integrable

𝜖 = 0 𝜖 = 0.01 𝜖 = 0.1

𝜃

𝜌 𝜌 𝜌

𝜃 𝜃

Ingredients of stellarator confinement
  Magnetic field integrability – Hamiltonian nature of field line flow
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𝜒 𝜌, 𝜃, 𝜙 =
1
2𝜌

' + 𝜖 LMcos 4𝜃 − 𝜙 + cos 4𝜃 − 2𝜙 + cos 4𝜃 − 3𝜙 	

Integrable Non-integrable

𝜖 = 0 𝜖 = 0.01 𝜖 = 0.1

𝜃 𝜃 𝜃

Ingredients of stellarator confinement
  Magnetic field integrability – Hamiltonian nature of field line flow
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𝜌 𝜌 𝜌

𝑩 𝜌, 𝜃, 𝜙 = ∇𝜌×∇𝜃 − ∇𝜒(𝜌, 𝜃, 𝜙)×∇𝜙
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Continuous toroidal symmetry yields particle confinement

ℒ(𝒙, 𝒙̇) = 𝑚
𝒙̇ '

2 + 𝑞𝑨 𝒙 ⋅ 𝒙̇

Single-particle Lagrangian

𝑑
𝑑𝑡

𝜕ℒ(𝑅, 𝜙, 𝑍, 𝑅̇, 𝜙̇, 𝑍̇, 𝑡)
𝜕𝜙̇

=
𝜕ℒ(𝑅, 𝜙, 𝑍, 𝑅̇, 𝜙̇, 𝑍̇, 𝑡)

𝜕𝜙

𝝓

𝑹

𝒁

611



ℒ(𝒙, 𝒙̇) = 𝑚
𝒙̇ '

2 + 𝑞𝑨 𝒙 ⋅ 𝒙̇

Single-particle Lagrangian

𝑑
𝑑𝑡

𝜕ℒ(𝑅, 𝜙, 𝑍, 𝑅̇, 𝜙̇, 𝑍̇, 𝑡)
𝜕𝜙̇

=
𝜕ℒ(𝑅, 𝜙, 𝑍, 𝑅̇, 𝜙̇, 𝑍̇, 𝑡)

𝜕𝜙

𝑝&
Toroidal symmetry

𝝓

𝑹

𝒁

6Continuous toroidal symmetry yields particle confinement 11



ℒ(𝒙, 𝒙̇) = 𝑚
𝒙̇ '

2 + 𝑞𝑨 𝒙 ⋅ 𝒙̇

Single-particle Lagrangian

𝑑
𝑑𝑡

𝜕ℒ(𝑅, 𝜙, 𝑍, 𝑅̇, 𝜙̇, 𝑍̇, 𝑡)
𝜕𝜙̇

=
𝜕ℒ(𝑅, 𝜙, 𝑍, 𝑅̇, 𝜙̇, 𝑍̇, 𝑡)

𝜕𝜙

𝑝& ≈ 𝜓
Toroidal symmetry

𝝓

𝑹

𝒁

Confinement to 𝝍 surfaces! 

6

𝝍 =	const.

Continuous toroidal symmetry yields particle confinement 11



D.A. Spong et al, APS DPP (2014).

Perturbed 
tokamak

Stellarator

9The zoology of particle orbits in 3D fields 12



D.A. Spong et al, APS DPP (2014).

Perturbed 
tokamak

Stellarator

Stellarator

9The zoology of particle orbits in 3D fields 12



D.A. Spong et al, APS DPP (2014).

Perturbed 
tokamak

Stellarator

Stellarator

Can we confine 
them all?

9The zoology of particle orbits in 3D fields 12



(𝑣||Y𝒃 + 𝒗12345) ⋅ ∇𝑓 = 𝐶 𝑓
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𝜈∗ = 𝜈𝑅/(𝜄𝑣)

Guiding center motion Collisions

P. Helander, Rep. Prog. Phys., 77 (2014).  

D.A. Spong et al, IAEA (2003).

Ingredients of stellarator confinement
 Collisional guiding center confinement

“𝐝𝐫𝐢𝐟𝐭	𝐤𝐢𝐧𝐞𝐭𝐢𝐜	𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧”
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P. Helander, Rep. Prog. Phys., 77 (2014).  

D.A. Spong et al, IAEA (2003).

Ingredients of stellarator confinement
 Collisional guiding center confinement
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Symmetry of field strength yields particle confinement in 3D

ℒ(𝒙, 𝒙̇) = 𝑚
𝒙̇ '

2
+ 𝑞𝑨 𝒙 ⋅ 𝒙̇

ℒ 𝜓, 𝜃, 𝜙, 𝜓̇, 𝜃̇, 𝜙̇ = ℒ 𝜓, 𝐵(𝜓, 𝜃, 𝜙), 𝜓̇, 𝜃̇, 𝜙̇

Constant 𝜓 surfaces 

Strongly magnetized

814



Symmetry of field strength yields particle confinement in 3D

ℒ(𝒙, 𝒙̇) = 𝑚
𝒙̇ '

2
+ 𝑞𝑨 𝒙 ⋅ 𝒙̇

ℒ 𝜓, 𝜃, 𝜙, 𝜓̇, 𝜃̇, 𝜙̇ = ℒ 𝜓, 𝐵(𝜓, 𝜃, 𝜙), 𝜓̇, 𝜃̇, 𝜙̇

𝜕𝐵 𝜓, 𝜃, 𝜙
𝜕𝜙

= 0	
𝑑𝑝&
𝑑𝑡

= 0

Strongly magnetized Ignorable
 coordinate

Conserved 
momentum

Constant 𝜓 surfaces 
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Symmetry of field strength yields particle confinement in 3D

ℒ(𝒙, 𝒙̇) = 𝑚
𝒙̇ '

2
+ 𝑞𝑨 𝒙 ⋅ 𝒙̇

ℒ 𝜓, 𝜃, 𝜙, 𝜓̇, 𝜃̇, 𝜙̇ = ℒ 𝜓, 𝐵(𝜓, 𝜃, 𝜙), 𝜓̇, 𝜃̇, 𝜙̇

Strongly magnetized

𝜕𝐵 𝜓, 𝜃, 𝜙
𝜕𝜙

= 0	
𝑑𝑝&
𝑑𝑡

= 0

Ignorable
 coordinate

Conserved 
momentum

𝑝& =
𝑚𝑣&
𝑞𝐵

+ 𝐹 𝜓

Particles stay confined to 𝜓 surfaces 

Constant 𝜓 surfaces 

814



Quasisymmetry - a hidden symmetry of magnetic fields
Quasi-poloidal symmetry

𝜙

𝜃

D. Strickler et al, Fusion Eng. & Design, 66 (2003).  

915



𝜙/(2𝜋𝑁!)

𝜃/2𝜋

Quasisymmetry - a hidden symmetry of magnetic fields
Quasi-poloidal symmetry

𝜃

D. Strickler et al, Fusion Eng. & Design, 66 (2003).  F. Anderson et al, Fusion Tech., 27 (1994).  
𝜙

Quasi-helical symmetry
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𝜃/2𝜋

Quasisymmetry - a hidden symmetry of magnetic fields

𝜙/(2𝜋𝑁!)

𝜃/2𝜋

Quasi-poloidal symmetry

Quasi-axisymmetry

Quasi-helical symmetry

𝜃

𝜙/(2𝜋𝑁!)F. Anderson et al, Fusion Tech., 27 (1994).  

B. Nelson et al, Fusion Eng. & Design, 66 (2003).  

D. Strickler et al, Fusion Eng. & Design, 66 (2003).  
𝜙
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Ingredients of stellarator confinement
 …and many more

üMHD stability
üCollisional “bootstrap” current
üEnergetic particle confinement
üEquilibrium 𝛽 limit
üDivertor configuration
üReduction of turbulent transport
üCoil feasibility 

2216



Ingredients of stellarator confinement
 …and many more

üMHD stability
üCollisional “bootstrap” current
üEnergetic particle confinement
üEquilibrium 𝛽 limit
üDivertor configuration
üReduction of turbulent transport
üCoil feasibility 

ASG Superconductors
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Traditional two-step optimization

1. MHD equilibrium optimization

Boundary of equilibrium 
optimized for confinement

∇×𝑩 ×𝑩 = 𝜇>∇𝑝	 in	𝑉?@ABCA
𝑩 ⋅ y𝒏 {

D!"#$%#
= 0

min
	D!"#$%#

𝑓(𝑩 𝑆?@ABCA , 	𝑆?@ABCA)

1517



2. Coil design

Inverse problem solved to find coils 
to support equilibrium

Traditional two-step optimization

1. MHD equilibrium optimization

Boundary of equilibrium 
optimized for confinement

∇×𝑩 ×𝑩 = 𝜇>∇𝑝	 in	𝑉?@ABCA
𝑩 ⋅ y𝒏 {

D!"#$%#
= 0

min
	D!"#$%#

𝑓(𝑩 𝑆?@ABCA , 	𝑆?@ABCA)

𝑩 ⋅ y𝒏 = 𝑩?@ABCA ⋅ y𝒏

  + E&
FG∫ℝ𝟑\J!"#$%#

𝑑K𝑥L 𝑱()*" 𝒙
+ × 𝒙P𝒙+ ⋅R𝒏 𝒙
𝒙P𝒙+ ,

min
𝑱()*"

�
	D!"#$%#

�𝑑'𝑥	�𝑩 ⋅ y𝒏
'
+ (coil	complexity)
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Stellarator optimization has been experimentally verified
 Helically Symmetric Experiment (HSX)

Minor radius

El
ec

tr
on

 th
er

m
al
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iff

us
iv

ity

J. M. Canik et al, Phys. Plasmas 14, (2007).

Mirror 
configuration 

(“de-optimized”)

QHS configuration 
(“optimized”)
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Stellarator optimization at scale – Wendelstein 7-X 17

ü Stable equilibria up 
to 𝛽 = T

U-/'E&
= 5%

ü Improved particle 
confinement

ü Reduced plasma 
current

19



Minor radius

N
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LHD 
(“unoptimized”)

W7-X 
(“optimized”)

18Stellarator optimization at scale – Wendelstein 7-X 20
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✓ Automatic guiding center confinement
✓ Automatic integrability
✓ “Simpler” design
❌ Requires large plasma current
❌ Steady-state is challenging/inefficient

Tokamaks
❌ Confinement optimization required
❌ Shaping by complicated coils/magnets
✓ Low recirculating power
✓ No plasma-terminating disruptions
✓ No Greenwald density limit 
✓ “softer” pressure/𝛽 limit

Stellarators

Stellarators in context
 Overview of stellarators & tokamaks

2921



R. C. Wolf et al, Phys. Plasmas 26, (2019).

20

𝑛𝑇𝜏V ≳ 4×10'Wm-3 keV s

𝑃4XB3YZ ≥ 𝑃@YBB

“Triple product”

Stellarators in context
 Comparison with tokamak performance

22



17

𝐵 as a function of “Boozer” coordinates

Stellarators in context
 Stellarators with “precise quasisymmetry” have been uncovered
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Previous configurations

Q
S 

er
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7

𝐵 as a function of “Boozer” coordinates

Optimization is transforming confinement through quasisymmetry 17

Minor radius

Stellarators in context
 Stellarators with “precise quasisymmetry” have been uncovered

23



7Optimization is transforming confinement through quasisymmetry 17

Precise QA Precise QH

𝐵 as a function of “Boozer” coordinates
Precise QA

Precise QH

Q
S 

er
ro

r

Minor radius

Stellarators in context
 Stellarators with “precise quasisymmetry” have been uncovered
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7Optimization is transforming confinement through quasisymmetry 17Stellarators in context
 Stellarators with “precise quasisymmetry” have been uncovered

Precise QA Precise QH

𝐵 as a function of “Boozer” coordinates
Precise QA

Precise QH

Q
S 

er
ro

r

Minor radius

M. Landreman & E. J. Paul, Phys. Rev. Lett. 128 (2022).
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Since 
2021

Fusion-produced 
distribution of 3.5 MeV 
alpha particles 
followed in reactor  
configurations:

Fraction of alpha-particle energy lost before thermalization

18Stellarators in context
 Stellarators can be designed to confine energetic fusion products

24



Can we simplify 
stellarator magnets?

Why can stellarators 
routinely violate linear 
MHD stability limits?TEMITG

Can we optimize stellarators for 
reduced turbulence?

J. Alucon et al, PPCF 62 (2020).

A. Weller et al, Fusion Science & Tech., 50 (2006).  

C. Zhu et al, Nuclear Fusion, 60 (2020).  

30Stellarators in context
 Open questions and new frontiers

25



TEM
ITG

J. Alucon et al, PPCF 62 (2020).

30Stellarators in context
 Can we optimize stellarators for reduced turbulence?

26

W7-X can operate in a “stability valley”

New theory to diagnose “available 
energy” for turbulence

R. Mackenbach et al, PRL 128 (2022).



30Stellarators in context
 Why can stellarators routinely violate linear MHD stability limits?

27

A. Weller et al, Fusion Science & Tech., 50 (2006).  

LHD operation beyond linear ideal 
MHD threshold

High-fidelity simulations leveraged at PPPL 
[A. Wright]



30Stellarators in context
 Can we simplify stellarator magnets?

28

C. Zhu et al, Phys. Plasmas, 29 (2022).  T. Qian et al, Nucl. Fusion, 62 (2022).  

PPPL projects use permanent magnets for confinement



30Stellarators in context
 Growing private investment in stellarators

29



Summary

• Stellarators confine plasmas with non-symmetric magnetic fields

• Rotational transform (twisting field lines) can be produced through 
shaped magnetic fields 

• Stellarators avoid headaches associated with having a large plasma 
current

• Although stellarators are not axisymmetric, they can be designed to 
have hidden symmetries

• Immense progress has been recently made, and there are exciting 
research opportunities

30



1. Introduction
2. Background
3. Electric and magnetic fields: Maxwell’s equations
4. Classical mechanics
5. Single particle motion in electromagnetic fields
6. Coordinate systems
7. Toroidal magnetic confinement
8. Coupling of particles and electromagnetic fields: MHD models
9. Magnetic coordinates
10.  Challenges associated with 3D equilibrium fields
11.  Models of 3D equilibrium magnetic fields
12.  Symmetries in stellarators
13.  Optimization for stellarator design
14.  New frontiers of optimization

An introduction to stellarators: from magnetic fields to 
symmetries and optimization (arxiv:1908.05360)

31

63
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https://arxiv:1908.05360.pdf


Join the stellarator crew at Columbia!
UG/Masters Ph.D./Bridge Faculty

64
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