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About me:
Finished school at a UWC in the UK

Did undergraduate degree at Dartmouth College      

Went back to Dartmouth College to 
get a PhD.
Did a post-doc at MIT

Presently talking to you from here

Grew up in Venezuela

love 
arepas

I enjoy rock climbs in my free time

Now I work on               at PPPL.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

Decided to study fusion after doing an 
internship in Cadarache (ITER’s site) 
modeling RF heating systems.
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• Turbulence: what it isn’t, what it is. & examples.

• Instability as a cause of turbulence: Rayleigh-Taylor as an example.

• Turbulent energy cascades.

• Examples of turbulence in plasmas.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

• Mechanisms that can drive turbulence in plasmas.

• Ways to explore turbulence: experiment & computer simulation (including ML)

Topics in this talk:
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Turbulence: 
Let’s start by seeing its onset in a channel with fluid past an obstacle oozing green dye:

Everywhere in nature & in man-made fluids. 
We all experience it.

Visually we can say turbulence is:
• Complex
• Hard to predict
• Swirly

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

Credit:
The Lutetium Project

https://www.youtube.com/watch?v=QzuzbwJWlYs
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Turbulence: Everywhere in nature & in man-made fluids. 
We all experience it.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

Velocity in blood flow (N. S. Kelly, et al. Fluids 5, 57 (2020)).

Butterfly (Fei, Yang, PRE 93, 033124 (2016)).
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Turbulence: Everywhere in nature & in man-made fluids. 
We all experience it. Yet, how do we define it?

Cool at-home demo:
visualize air turbulence in your room using

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

photons scatter off of air 
molecules and reach 
our eyes, allowing us to 
see the turbulent 
structures in the air

Credit:
3blue1brown

• A fog machine.
• Diffracted laser light.

Other properties of turbulence more closely related to its mathematical description:
• Chaotic.
• Ergodic.

• Diffusive and mixing.
• Unstable

https://www.youtube.com/c/3blue1brown


• Fluid mechanics turbulence is often studied via the Navier-Stokes equation. 
For incompressible fluids:

<latexit sha1_base64="hHH86jmDyOIxZ0U0dr4KNxpQrfc="></latexit>p : pressure
<latexit sha1_base64="FTAIAQzCILeXP9Mv+mvHpSVAnAo="></latexit>⌫ : viscosity

<latexit sha1_base64="i5ku1Jpzj8/k9pwd72WSxGvpCUs="></latexit>

⇢
Du

Dt
= ⇢

✓
@

@t
+ v ·r

◆
v = �rp+ ⌫⇢r2u+ ⇢g

 gravitational  
      acceleration
g :

7

Instability is key: Turbulence arises in systems in unstable 
equilibrium, where perturbations can grow and lead to instability

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

inertia
(like  in )ma F = ma

pressure
force

viscous
force

• Using Newtonian mechanics ( ) one 
can show the frequency of these motions

ma = F

Recall the position of the pendulum: x(t) ∝ Aeiωt
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Example of an unstable fluid: dense fluid on top,
                                light fluid on the bottom

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

denser fluid 
(e.g. oil)

Less dense 
fluid (e.g. H2O)

Computer simulation 
done with                ,
a free, open-source code 
for modeling plasmas

How does density stratification lead to instability?
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The perturbations grow until fully developed turbulence ensues

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

Credit:
Mark Stock (Vic2d)

dense 
fluid

lighter 
fluid

http://markjstock.org/vic2d/


10

Many other sources of instability in fluids; e.g. the Kelvin-
Helmholtz is driven by gradients in the fluid velocity.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

Here the fluid is 
flowing to the left

Here the fluid is 
flowing to the right

Computer simulation 
done with                ,
a free, open-source code 
for modeling plasmas
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As turbulence evolves, we see the formation of smaller eddies, 
and a rich distribution of eddies of all sizes.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

In the home-demo visualization of air turbulence in your room:

Credit:
3blue1brown

https://www.youtube.com/c/3blue1brown
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As turbulence evolves, we see the formation of smaller eddies, 
and a rich distribution of eddies of all sizes.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

The “swirly” nature of fully developed turbulence is due to a transfer of energy from large 
scales structures in the fluid, to smaller and smaller swirls (eddies)

energy

known as an “energy cascade”.
This continues to ever-smaller scales, until molecular dissipation converts kinetic energy of 
the eddies into thermal energy (heating up the fluid). The energy flow in a turbulence fluid is

8

The five empirical coefficients (Cµ, c1, c2, σk, σε)
are fixed by considering experimental results for simple-
geometry flows.

B. The limit of the turbulent-viscosity concept

The concept of turbulent viscosity is properly applica-
ble only when there is a significant separation between
the length scale of inhomogeneity of the mean field and
the mixing length of the agitation. This condition is
not satisfied in turbulent flows where turbulent motions
display a continuous distribution of scale sizes; turbu-
lent motions do not occur at some characteristic mixing
length. Furthermore, the largest (spatial) scales of the
turbulent motion are as large as the scale of inhomo-
geneity of the mean flow. Consequently, the concept of
a local transport has not much justification, except in a
very crude qualitative sense.

IV. THE STATISTICAL MECHANICS OF
TURBULENCE

This section is devoted to the statistical description of
turbulent motions, also called turbulent eddies. By anal-
ogy with a molecule, an eddy may be seen as a “glob”
of fluid of a given size, or (spatial) scale, that has a cer-
tain structure and life history of its own. The turbulent
activity of the bulk is the net result of the interactions
between the eddies.

It is characteristic of turbulence that fluctuations are
unpredictable in details; however, statistically distinct
properties can be identified and profitably examined.

A. The mean kinetics of the turbulent motion

From the Navier-Stokes equations, one can establish
for each component of the turbulent velocity field u′
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where S′
ij denotes the turbulent strain-rate tensor.

FIG. 6: Sketch of the overall kinetics of a turbulent flow.

The transport term is responsible for a turbulent mix-
ing of kinetic energy between the various scales of motion
(eddies). This mixing is peculiar: It achieves a conser-
vative transfert of kinetic energy from the largest eddies
(of size comparable to the scale of inhomogeneity of the
mean flow) to smaller and smaller eddies. This process
is usually referred to as the energy cascade (Richardson
[1922]). The turbulent kinetic energy is ultimately dis-
sipated into thermal energy through the action of the
molecular viscosity.

When turbulence is developed,
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The local energy budget then simplifies as
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In homogeneous and stationary turbulence, this bud-
get reduces to

−u′
iu

′
j Sij = 2ν|S′|2, (41)

which simply states that the energy received from the
mean flow is eventually dissipated under molecular vis-
cosity. The kinetics of a turbulent flow are summarized
in Fig. 6.

B. The characteristic (length) scales of turbulence;
the turbulent Reynolds number

1. The turbulent two-point velocity correlation

The quantities of most theoretical interest in the sta-
tistical description of turbulence are averages of the form

Rij...("x, t; "x′, t′; ...) =
〈

ui("x, t)uj("x′, t′) · · ·
〉

(42)

Credit: Lévêque, E. EAS Publications Series 21, 7 (2006).

driving 
scale L

dissipative 
scale ℓd
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Determination of the rate of energy transfer between scales is 
one of the most consistent results in turbulence research

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

At some scales smaller than the large scale of the external forces (or driving flow 
inhomogeneities), but larger than the dissipative scale, this transfer of energy must be 
constant. Otherwise we’d see a build up of kinetic energy at one particular scale.

1 Kolmogorov, A. N. Dokl. Akad. Nauk SSSR,  32, 19-21 (1941).
2 Lévêque, E. EAS Publications Series 21, 7 (2006).

Russian scientist Andrey Kolmogorov determined the spectrum of the energy as a function 
of the size of the eddies. Similar to how special relativity stems from three basic 
assumptions (c=constant, c is the max speed, inertial universality of the laws of physics), 
Kolmogorov employed two basic assumptions1,2.

He was concerned with differences in velocity between two points
<latexit sha1_base64="Zj7XcIq2lYDPrKncEyYoxKerDYk="></latexit>
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in stationary, homogeneous and isotropic turbulence.
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Energy transfer between scales: The Kolmogorov spectrum1,2

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

The two hypotheses were:

1 Kolmogorov, A. N. Dokl. Akad. Nauk SSSR,  32, 19-21 (1941).
2 Lévêque, E. EAS Publications Series 21, 7 (2006).

1. At  the distributions of                   are “universal”, i.e. independent of the type of 
external force or driving mechanism, & only a function of  (viscosity) and the mean 
energy dissipation rate per unit mass ( ).

r ≪ L
ν

ϵ̄
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Studying, modeling & explaining turbulence is hard. But Kolmogorov’s spectrum 
is a successful result with countless experimental & numerical confirmations

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

1 McComb, W. D. The Physics of Fluid Turbulence. Oxford University Press (1990).
2 Sciacovelli, L., et al. J. Fluid Mech. 800, 140 (2016).
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Figure 1: Measured one-dimensional energy spectra for a wide range of Reynolds numbers and physical
situations showing the asymptotic e↵ect of scaling on Kolmogorov (1941) variables. Image reproduced
from Figure 2.4 of Reference [6].
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FIGURE 8. Comparison of Euler-based and Navier–Stokes-based results for PFG
simulations. (a) Turbulent kinetic energy spectrum and (b) p.d.f. of the normalized velocity
divergence evaluated at t = 2.5 at various Reynolds numbers.
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FIGURE 9. Comparison of Euler-based and Navier–Stokes-based results for DG
simulations. (a) Turbulent kinetic energy spectrum and (b) p.d.f. of the normalized
velocity divergence evaluated at t = 2.5 at various Reynolds numbers.

to infinity (this is easily seen, e.g. for calorically perfect gases); hence, isentropic
transformations are also approximately isothermal.

To the authors’ knowledge, all of the results regarding CHIT available in the
literature up to now have been obtained for air, modelled as a perfect gas with
� = 1.4. Since changing the specific heat ratio has an impact on the coupling of the
kinematic and thermodynamic fields, we first perform a parametric investigation of
the effect of � on perfect gas CHIT simulations, and generate reference results for
� = 1.0125 that is a value representative of the PP11 gas of interest here. We then
run dense gas simulations using the VDW EoS with � = 1.0125, and setting k0 = 2
and �0 = 0.
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Navier-Stokes & Euler simulations of 
a dense gas2:
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Kolmogorov’s spectrum has even been accounted for in
non-scientific matters…

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

1 J. L. Aragón, et al. J. of Mathematical Imaging & Vision 30, 275 (2008).

Van Gogh’s La Nuit étoilée

“the probability distribution function 
(PDF) of luminance fluctuations in 
some impassioned van Gogh 
paintings, painted at times close to 
periods of prolonged psychotic 
agitation of this artist, compares 
notable well with the PDF of the 
velocity differences in a turbulent 
flow as predicted by the statistical 
theory of Kolmogorov”1



A similar process can occur in plasma 
turbulence. Here we see jet formation 
in a reduced-model simulation of 
magnetized plasma turbulence

Computer simulation done with                ,
a free, open-source code for modeling plasmas

17

Turbulent energy transfer is usually from large to small scales, 
but there are instances of “inverse energy cascades”

Jupiter’s turbulent atmosphere 
forms organized “jet streams”

Somehow energy is transferred 
from small scales to these large 
scale flows.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

https://gkeyll.readthedocs.io/
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Plasma turbulence is everywhere laboratories & nature

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

Credit: NASA Credit: NASA Credit: NASA

Our sun Turbulent plasma in the 
accretion disk of a black hole

Crab nebula supernova 
remnant

Credit: EUROfusion

Credit: IPP, A. Bañón 
Navarro

around the eddies where the mole fraction of air is large due
to entrainment. The electric field for which the IW can be
sustained is lower in He than in air, due to inelastic electron
energy loss to low lying vibrational and electronic states, and
attachment to O2 and H2O. Even in laminar jets, the IW typi-
cally terminates at the axial location where the air mole frac-
tion exceeds about 10%.17 These patterns of the IW
following the rare gas flow have been experimentally seen in
jets with an eddy-dominated flow.5,6,17 This manifests itself
in the plasma jet appearing “brush-like” as described by
Robert et al.18

To quantify the effects of the eddy-dominated flow on
the RONS production, the simulation shown in Fig. 5 was
repeated with a He flow of 1 slm/mm which produced a lam-
inar plume. The total inventory of RONS was calculated 2
ls after the beginning of the IW, which dominantly captures
the RONS production resulting from the immediate propaga-
tion of the IW before advective motion becomes significant.
The case with the eddy-dominated flow generally results in
more RONS, particularly of more complex species such as

HO2, NO, and NO2. In the eddy dominated case, the initial
inventories of these species increases by factors of 1.5–2.1.
The other species examined, O, O2*, OH, N, and O3,
increase by 10%–27%. These results are sensitive to the past
history of the plume, as the previous eddy motion may have
aided the transport of humid air into the He plume. As a min-
imum the eddy-dominated flow provides a larger surface
area for the plasma to interact with the humid air and there-
fore produces more RONS.

In conclusion, the gas flow in an atmospheric pressure
plasma jet is fundamentally unstable to a shear instability. In
APPJs localized heating at the powered electrode produces
an acoustic wave which disturbs the shear layer between the
helium and the ambient air. This results in a shear instability,
which causes an unsteady flow, and generates a disturbance
that propagates with the local gas speed. This could develop
into plasma-induced turbulence downstream. Ionization
waves propagating into an unsteady plume are influenced by
the gas composition profile and follow the region of the high-
est helium concentration. The result is differences in the type
and amount of reactive species which are produced, depend-
ing on whether or not the plume is laminar.

See supplementary material for a detailed description of
the coupling between the plasma calculation and the fluid
dynamic calculation in nonPDPSIM.

This work was supported by the Department of Energy
Office of Fusion Energy Science (DE-SC000319 and
DE-SC0014132), the National Science Foundation (PHY-
1519117) and the NSF Graduate Research Fellowship
Program.
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FIG. 5. Characteristics of a slot jet. (a) Initial eddy-dominated helium den-
sity for a flow rate of 15 slm/mm, with electron densities as the plasma prop-
agates into the unstable flow. (b) Time evolution of the electron impact
ionization source as the IW propagates into the eddy-dominated He plume.

114101-4 Lietz, Johnsen, and Kushner Appl. Phys. Lett. 111, 114101 (2017)

tokamaks

stellarators Plasma jets in medical/
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There are many drivers of instability in plasmas. Let’s consider 1 from tokamaks:

Toroidal plasma (bird’s-eye view)

<latexit sha1_base64="w2tYH6vU1SQ4svugnI2ytD+L/NQ="></latexit>
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magnetic field (B)

gyro-orbits of 
charged particle
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Other similarities exist between neutral fluid & plasma turbulence? 
Instability drives turbulence. Power law energy spectrum.

06/15/2022
M. Francisquez. Fusion & plasma physics intro: Plasma Turbulence.

denser plasma

less dense 
plasma

Plasma feels an effective 
gravitational acceleration due to 
the centrifugal force:
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This scenario has all the ingredients of the 
Rayleigh-Taylor instability we studied above:

• (effective) gravity
• denser “fluid” on top of lighter “fluid”

So recycling our earlier result, we’d say that 
the growth rate is
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The length scale  here turns out to be 
related to the pressure gradient,
e.g. 

L

L = p/ |∇p |

Is the mechanism the same as in a neutral 
fluid?
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Instability in a torus can be driven by “bad curvature”
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Consider a patch of plasma on the outboard region of the torus:

<latexit sha1_base64="8Fdec1uz+9RJmX8sh0hDULNmo4Q="></latexit>

B

<latexit sha1_base64="vPqlr94sNwUt8CGEI1pjM+pT924="></latexit>rT<latexit sha1_base64="O8ZLLbn2D6FDNCf0HlE/D2HDbs0="></latexit>

vrB =
1
2mv2?
qB

B⇥rB

B2
⇡ T

qB

B⇥rB

B2

<latexit sha1_base64="qZC1voNrFqNqQNcyqQK5ZMzIsX8="></latexit>rB

v∇B

v∇B

Particles will drift with velocity:



☒ E. {¥:&:
21

Instability in a torus can be driven by “bad curvature”
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Consider a patch of plasma on the outboard region of the torus:

<latexit sha1_base64="8Fdec1uz+9RJmX8sh0hDULNmo4Q="></latexit>

B

<latexit sha1_base64="vPqlr94sNwUt8CGEI1pjM+pT924="></latexit>rT
<latexit sha1_base64="O8ZLLbn2D6FDNCf0HlE/D2HDbs0="></latexit>

vrB =
1
2mv2?
qB

B⇥rB

B2
⇡ T

qB

B⇥rB

B2

<latexit sha1_base64="qZC1voNrFqNqQNcyqQK5ZMzIsX8="></latexit>rB

v∇B

v∇B

Particles will drift with velocity: Introduce a sinusoidal perturbation…
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Instability in a torus can be driven by “bad curvature”
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Consider a patch of plasma on the outboard region of the torus:
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This  drift reinforces the perturbation, creating an (unstable) positive feedback.E × B
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Instability in a torus can be driven by “bad curvature”
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• These perturbations (eddies) 
have a size of order 

.∼ rL = mv⊥/( |q |B)

-0K€
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B2 • Particles/eddies move , 
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• How large is ? vE
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the diffusive time scale is                   . So we can say that energy diffusion due to the 

above process takes place on the timescale:

• Can obtain a diffusion time estimate. Consider a diffusion equation                     ,
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 ⇒ estimate for confinement time
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Energy is being lost from the fusion-producing plasma core. Is 
all lost? How do we stabilize RT-like & micro instabilities?
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denser plasma
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plasma

magnetic field (B)

gyro-orbits of 
charged particle

Plasma feels an effective 
gravitational acceleration due to 
the centrifugal force:
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Recall that this instability is driven by pressure 
gradient pointing opposite from the effective 
gravity at the outboard of the torus. The Secret for Stabilizing Bad-Curvature Instabilities 

Twist in B carries plasma from bad curvature region 
to good curvature region: 

Unstable Stable 

Similar to how twirling a honey dipper can prevent honey from dripping. 

20 

Solution:
Twist the magnetic field around so as particles 
move along the field line they also spend time on 
the “good curvature” region.

The Secret for Stabilizing Bad-Curvature Instabilities 

Twist in B carries plasma from bad curvature region 
to good curvature region: 

Unstable Stable 

Similar to how twirling a honey dipper can prevent honey from dripping. 

20 

toroidal B helical B

unstable stable 

Spherical Torus has improved confinement and pressure 
limits (but less room in center for coils) 

29 

ST max beta ~ 100% (locally, 
  smaller relative to field at coil) 

Tokamak max beta ~ 10% 

Motivation for 
spherical tori

Good 
curvature
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A different behavior of between good & bad curvature regions is 
clearly observed in computer simulations of tokamak turbulence
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stronger fluctuations in 
bad curvature region

weaker fluctuations in 
good curvature region

Credit: R. Waltz, 
J. Candy (GYRO)



Computer simulation done with                ,
a free, open-source code for modeling plasmas
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Energy is being lost from the fusion-producing plasma core. Is 
all lost? How do we stabilize RT-like & micro instabilities?
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Turbulent transport can be mitigated by sheared flows:

Most Dangerous Eddies: 
Transport long distances 
In bad curvature direction 

+ 
Sheared Flows 

Sheared Eddies 
Less effective Eventually break up 

= 

Biglari, Diamond, Terry (Phys. Fluids1990),  
Carreras, Waltz, Hahm, Kolmogorov, et al. 

Sheared flows can suppress or reduce turbulence 

https://gkeyll.readthedocs.io/
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Studying, understanding and predicting turbulence is important 
& can have a significant impact on the cost of fusion
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As an example, take a study of the sensitivity of a compact fusion power plant’s capital cost:
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COST DRIVERS FOR A COMPACT FUSION PILOT PLANT · WADE and LEUER 131

FUSION SCIENCE AND TECHNOLOGY ā�VOLUME 77 ā�FEBRUARY 2021                                                                      

1M. R. Wade, J. A. Leuer. Fus. Sci. And Tech. 77, 119 (2021).

Capital cost is most 
sensitive to 
confinement quality 
(largely set by turbulent 
transport)
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e.g. a gyrokinetic simulation of electromagnetic 
plasma turbulence with               1:

1N. R. Mandell, et al. JPP 86 (2020).
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Turbulence is frequently studied via numerical simulation

Sophisticated computer codes that solve fluid, kinetic or gyrokinetic equations (or all of the 
above as is the case of the                code I work on) have been developed around the world.

There are numerous other 
codes that can be used to 
study plasma turbulence, e.g.:
• GENE, GYRO, GS2, GX, 

Stella, GKV, AstroGK, XGC.
• GRILLIX, TOKAM3X, GBS.
• Athena
• Vlasiator
• Many, many others
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Plasma turbulence is also explored experimentally. For 
example, via gas puff imaging

Electrons collide with puffed neutral gas, leading to ionization events and emitted light.

1S. J. Zweben, et. al. Review of Sci. Inst 88 (2017).

These collisions are more frequent where the local density is higher, allowing us to visualize 
plasma fluctuations

041101-4 Zweben et al. Rev. Sci. Instrum. 88, 041101 (2017)

FIG. 2. GPI images from the NSTX tokamak made near the outer midplane
over a 24 cm⇥ 24 cm region using a D2 gas with a Balmer-↵ filter and a 2.1 µs
camera exposure time. [Reproduced with permission from Phys. Plasmas 17,
102502 (2010). Copyright 2010 AIP Publishing LLC.] At the top is a typical
L-mode plasma, and at the bottom is a quiescent H-mode plasma later in the
same shot. In both cases the raw camera data are displayed using the same
false linear color scale (white as maximum and black as zero), with the poloidal
direction vertical, the radial direction horizontal (outward to the right), and
the magnetic separatrix from the EFIT reconstruction is shown by the dashed
line. The data are analyzed only within the orange boxes since D↵ emission
is too small in the low electron temperatures near the wall (right of the box),
and also too low farther inside the plasma where the ionization occurs at high
temperatures (left of the box).

2.1 µs camera exposure time.44 At the top is an example of a
typical L-mode image showing the complex turbulence struc-
ture, and at the bottom is an H-mode image later in the same
shot, which is nearly quiescent (turbulence-free). In both cases
the raw camera data are displayed using the same false linear
color scale (white as maximum and black as zero), with the
poloidal direction vertical, the radial direction horizontal (out-
ward to the right), and the magnetic separatrix shown by the
dashed line. These data were analyzed in detail only within the
orange boxes, since D↵ emission was too small in the low elec-
tron temperature region near the wall (right of the box), and
also too small farther into the hot plasma where the deuterium
was largely ionized (left of the box). Thus GPI measures the
turbulence within the radial “window” where the maximum
Balmer-↵ emission from the deuterium puff occurs.

Figure 3 shows GPI images from the Alcator C-Mod toka-
mak from two different 6 cm ⇥ 6 cm regions taken after
puffing D2 gas with a Balmer-↵ line filter.45 The lower image
is from a GPI view of the region outboard and somewhat
above the lower X-point, while the upper image is from a
GPI view of the outer midplane region. Both were taken
in H-mode plasmas. In this instance the images are nor-
malized with respect to the time-averaged images to show
the structure of the relative fluctuation level in a selected

image, where white is 1.5 or greater and black is <0.5,
and the low signal region far inside the separatrix is forced
black. The fluctuation levels are often large in both locations
(greater than ±50%). Note the blob-like structure in the mid-
plane image, while the structures outboard of the X-point are
elongated and significantly tilted with respect to the local
separatrix. The elongations and tilts in the lower part of the
X-point-region image are thought to be due to magnetic map-
ping of outboard near-midplane blobs, while those in the upper
part of the image are thought to be the result of a toroidal extent
to the gas puff and the filament extension along B (Ref. 45).

Figure 4 shows a time sequence of GPI images from the
TEXTOR tokamak made at the outer midplane using deu-
terium gas with a Balmer-↵ filter. Each of these frames covers
a 12 cm ⇥ 12 cm region and has a camera exposure time of
6 µs.46 These images have their time average image subtracted

to show more clearly the positive (red) and negative (blue)
excursions from the mean signal. The polodial motion of one
positive structure is shown by the black dashed line, and the
last closed flux surface is shown by the green dashed line, with
the radially outward direction toward the left. These data are
from an Ohmic discharge.

Figure 5 shows a time sequence of GPI images from the
ASDEX Upgrade tokamak created using a 2-D conditional
averaging (CA) technique based on the normalized light inten-
sity fluctuations.47 The GPI data were taken again with a
deuterium gas puff and Balmer-↵ filter, here with 8 µs between
frames during an inter-ELM period in an H-mode plasma, and
over a region of ⇠5 cm ⇥ 5 cm just below the outer mid-
plane. The reference pixel is the small “x,” the threshold for
CA is two times the standard deviation, and 556 trigger events
were averaged to produce these averaged images. The posi-
tive blob structure shown (red) was born inside the separatrix
(dashed line), and on average propagated radially outward (to
the right) and poloidally in the ion diamagnetic drift direc-
tion (i.e., downward) over ⇠50 µs. The fluctuation amplitude
is scaled to a maximum at t = 0, and a faint negative (hole)
structure is also shown in blue.

C. What does GPI measure?

A list of measurements which have been done using GPI
is given in Table I. The GPI diagnostic is most often used to
measure edge turbulence by analyzing the space vs. time pat-
terns of GPI light emission, such as those in Figs. 2–5. For
example, the turbulence correlation lengths can be obtained
from cross correlations of the GPI light emission vs. poloidal
or radial position, and turbulence velocities can be obtained
from time-delayed spatial cross correlations or Fourier
mode analyses. The raw data are often normalized by the
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Increasingly, turbulence is also being studied 
w/ machine learning

One out of many examples of machine learning applied to studying turbulence is the 
development of physics-informed neural networks (PINN)1:

1M. Raissi et al. JCP 378, 686 (2019).

694 M. Raissi et al. / Journal of Computational Physics 378 (2019) 686–707

Fig. 3. Navier–Stokes equation: Top: Incompressible flow and dynamic vortex shedding past a circular cylinder at Re = 100. The spatio-temporal training data 
correspond to the depicted rectangular region in the cylinder wake. Bottom: Locations of training data-points for the stream-wise and transverse velocity 
components, u(t, x, y) and v(t, x, t), respectively.

Given scattered and potentially noisy data on the stream-wise u(t, x, y) and transverse v(t, x, y) velocity components, 
our goal is to identify the unknown parameters λ1 and λ2, as well as to obtain a qualitatively accurate reconstruction of the 
entire pressure field p(t, x, y) in the cylinder wake, which by definition can only be identified up to a constant. To this end, 
we have created a training data-set by randomly sub-sampling the full high-resolution data-set. To highlight the ability of 
our method to learn from scattered and scarce training data, we have chosen N = 5,000, corresponding to a mere 1% of the 
total available data as illustrated in Fig. 3(b). Also plotted are representative snapshots of the predicted velocity components 
u(t, x, y) and v(t, x, y) after the model was trained. The neural network architecture used here consists of 9 layers with 20 
neurons in each layer.

A summary of our results for this example is presented in Fig. 4. We observe that the physics-informed neural network
is able to correctly identify the unknown parameters λ1 and λ2 with very high accuracy even when the training data was 
corrupted with noise. Specifically, for the case of noise-free training data, the error in estimating λ1 and λ2 is 0.078%, and 
4.67%, respectively. The predictions remain robust even when the training data are corrupted with 1% uncorrelated Gaussian 
noise, returning an error of 0.17%, and 5.70%, for λ1 and λ2, respectively.

A more intriguing result stems from the network’s ability to provide a qualitatively accurate prediction of the entire 
pressure field p(t, x, y) in the absence of any training data on the pressure itself. A visual comparison against the exact 
pressure solution is presented in Fig. 4 for a representative pressure snapshot. Notice that the difference in magnitude 
between the exact and the predicted pressure is justified by the very nature of the incompressible Navier–Stokes system, as 
the pressure field is only identifiable up to a constant. This result of inferring a continuous quantity of interest from auxiliary 
measurements by leveraging the underlying physics is a great example of the enhanced capabilities that physics-informed 
neural networks have to offer, and highlights their potential in solving high-dimensional inverse problems.

Our approach so far assumes availability of scattered data throughout the entire spatio-temporal domain. However, in 
many cases of practical interest, one may only be able to observe the system at distinct time instants. In the next section, 
we introduce a different approach that tackles the data-driven discovery problem using only two data snapshots. We will 
see how, by leveraging the classical Runge–Kutta time-stepping schemes, one can construct discrete time physics-informed 
neural networks that can retain high predictive accuracy even when the temporal gap between the data snapshots is very 
large.

4.2. Discrete time models

We begin by applying the general form of Runge–Kutta methods [45] with q stages to equation (1) and obtain

un+ci = un − "t
∑q

j=1 aijN [un+c j ;λ], i = 1, . . . ,q,

un+1 = un − "t
∑q

j=1 b jN [un+c j ;λ]. (20)

Authors trained a PINN using 
data from these locations
with a loss function that 
incorporates the incompressible 
Navier-Stokes equation. Then 
used the PINN to advance the 
solution (velocity field), and 
obtained reasonable agreement 
with the Navier-Stokes-only 
simulations.
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Summary
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Computer simulation done with                ,
a free, open-source code for modeling plasmas

• Fluid turbulence is ubiquitous, and often driven by a 
system in unstable equilibrium.

• Fluid turbulence exhibits a range of scales, with an 
energy cascade between them that is characterized 
by the Kolmogorov spectrum:

• Some plasma instabilities have close analogs in 
plasmas, as is the case of the Rayleigh-Taylor 
instability.

• Instabilities lead to fully developed turbulence & a 
power law energy spectrum in plasmas too, but the 
turbulent transport can be mitigated by clever design 
of magnetic fields and sheared flows.

• Sophisticated computer codes exist for studying 
turbulent plasmas.

• Turbulence can strongly impact the cost of a fusion 
power plant.
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Additional references:
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Neutral fluid turbulence:
• U. Frisch, Turbulence: The legacy of A.N. Kolmogorov (1995).

• S. Pope, Turbulent flows (2000).

Plasma turbulence:

• P. H. Diamond, Modern plasma physics: Volume 1, Physical Kinetics of Turbulence 

Plasmas (2010).

• R. J. Goldston & P. H. Rutherford, Introduction to Plasma Physics (1995).

• J. Krommes, The gyrokinetic description of microturbulence in plasmas. Annual 

Review of Fluid Mechanics 44, 175 (2012).

Also, if you are interested in data-mining turbulence simulations, check out the John 
Hopkins Turbulence Database.

http://turbulence.pha.jhu.edu/
http://turbulence.pha.jhu.edu/

