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Aims of this lecture
• Turbulence plays a role in many aspects of fluid and 

plasma physics

• In this lecture:
• Turbulence in fluids

• Convection and viscosity: Reynolds number
• Turbulence energy spectrum
• Kolmogorov theory of fluid turbulence

• Turbulent transport in magnetic confinement fusion
• Collisional and turbulent transport
• Measurements
• Simulations
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Reynolds experiment

• Low flow
• water flows easily
• dye doesn’t mix 

⇒ laminar flow
• Large flow
• larger drag
• dye gets mixed 

⇒ turbulent flow
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Laminar flow

Turbulent flow

Turbulent flow (observed with stroboscopic light)

Taken from Wikipedia Water flow

Dye is injected here

• Reynolds studied the effect of increasing the flow 
speed in a water pipe



Reynolds number
• Transition between laminar and turbulent flow 

happens at flow velocity ucrit ∝ 1/(pipe diameter L)
• Can be understood by comparing terms in 

momentum conservation equation
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density

Material time derivative Pressure
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Reynolds number
• Transition between laminar and turbulent flow 

happens at flow velocity ucrit ∝ 1/(pipe diameter L)
• Can be understood by comparing terms in 

momentum conservation equation

• Ignore pressure p : for water, only ensures ! = constant
• Compare the other two terms ⇒ Reynolds number 

• Transition to turbulence at Re ~ 104⇒ ucrit ∝ 1/L
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Why is viscosity so important?
• Viscosity dissipates fluctuations
• To prove it, get kinetic energy equation
• Multiply momentum conservation equation by u and 

integrate over pipe volume

• Use                                    and divergence theorem
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Limit of small viscosity (Re >> 1)
• If one neglects viscosity,

• Does the energy grow without bound? No, because 
viscosity is always important

• Fluctuations force u to have large gradients

• ∇ >> 1/L somehow!
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The many length scales of turbulence

• Turbulence contains a continuum of scales
• Diagnostics: energy spectrum and correlation function

• From here on, u has zero time average, ⟨u⟩t = 0
• E.g. in a pipe, move with the flow of the pipe

• Spectrum: use Fourier transform (= sum of waves)

• U d3k is the amplitude of a wave with wavelength 2%/k
• Since u is real, U(– k) = U*(k).

• Need time averaged information because U fluctuates
• ⟨U⟩t = 0, so instead use ⟨U 2⟩t
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Relation between ⟨U 2⟩t and energy
• Replacing Fourier transform into energy averaged 

over time and volume V

• For k + k’≠ 0, the average of exp(i(k + k’)·x) over V
vanishes because it is very oscillatory ⇒ k’ = – k
• Recall that U(– k) = U*(k)
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Turbulence energy spectrum
• To sketch in 1D plot, use energy spectrum E (k)
• Use spherical coordinates
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Turbulence energy spectrum
• To sketch in 1D plot, use energy spectrum E (k)
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Correlation function
• Correlation function

• C (Δx = 0) = 1
• C (Δx) vanishes for large Δx because u at two very different 

locations fluctuates in an uncorrelated manner
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where n ni iE is the density-fluctuation field, which has a
mean of zero, calculated by GS2 and R% , Z% , M% are the
radial, poloidal, and parallel point separations, t% is the
time lag, and �y§ is an ensemble average, viz an average
over all possible pairs of points with the same separation
and time lag. Note that the ensemble averages in the plane
perpendicular to the magnetic field are calculated at 0R � ,
i.e., they are not averaged over θ. This is because in the
laboratory coordinate system, correlation properties vary
strongly with θ owing to the twisting of the magnetic field
lines. Here we wish to capture what occurs at the outboard
midplane, which is the location of the BES diagnostic.
Note also that we divide our data in the time domain into
windows of ∼100–400μs, and calculate separate ensem-
ble averages in each time window. We define the error bars
on our correlation parameters by calculating variances
between those values calculated over these time windows.

Instead of calculating the full correlation function (23), we
will estimate individual correlation lengths and times (which are
defined below) by performing one-dimensional correlation
analyses separately in each direction, i.e., we calculate 1D
versions of the correlation function (23), with respect to only
one of its arguments. All of the representative correlation
functions that are plotted in the sections that follow will be for
the equilibrium parameters , 5.1, 0.16T EL H �( ) ( ) over a real-
space domain of 20×20 cm2 (see figure C1).

B.1. Radial correlation length

The radial correlation length lR is estimated by fitting the
correlation function C R Z t, 0, 0 , 0M R% % � � % �( ( ) )
with a Gaussian function:
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Following [48, 51], this fitting function is adopted on the
assumption that fluctuations have no wave-like structure in
the radial direction. Unlike in the treatment of experimental
data [48, 51], no fitting parameters are necessary here to
account for global offsets in density fluctuations, which are
usually due to large-scale, global MHD modes: in our simu-
lations, the mean density fluctuation over the whole domain is

zero. A representative example of (24) for the radial corre-
lation function is shown infigure B1. The points show the
measured correlation function and the red line the fit (24). The
ensemble average is over t and Z and we assume that radial
correlations do not change with t and Z, i.e., that the system is
statistically homogeneous in time and in the poloidal direc-
tion. The shaded region in figure B1 indicates the standard
deviation calculated over the sum of t and Z. We expect that
C R 0% l( ) as R% l d (and similarly for subsequent
correlation functions in the other directions).

B.2. Poloidal correlation length

The poloidal correlation length is calculated by assuming
wave-like fluctuations in the poloidal direction and fitting
C R Z t0, , 0 , 0M R% � % � % �( ( ) ) with an oscillating
Gaussian function of the form
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where kZ is the poloidal wavenumber. References [48, 51]
found that with only four poloidal channels, there was
insufficient data from the BES diagnostic to fit lZ and kZ
independently. As a result, when fitting experimental data
(and the data with the synthetic diagnostic applied), the
wavenumber is fixed to the value k l2Z ZQ� . In the direct
output of our GS2 simulations, on the other hand, there is a
sufficient number of data points in the poloidal direction, to
allow us to compare fits both with kZ as a free fitting para-
meter and fixed in the way described above. Figure B2 shows
a representative poloidal correlation function from our
simulations along with a fitted function(25), both with fixed
k l2Z ZQ� (figure B2(a)) and free kZ (figure B2(b)). The red
lines in each plot indicate the fit (25) and the dashed lines
indicate the Gaussian envelope Z lexp Z

2� %[ ( ) ]. The
ensemble average is over t and R. We see that the fit with kZ
as a free parameter approximates the correlation function
better and predicts a shorter lZ. For consistency with previous
work, we show the correlation results for both fitting schemes
in section 4.4.

B.3. Correlation time

In the presence of toroidal rotation, turbulent structures are
advected in the poloidal direction with an apparent velocity vZ
given by [47]

v R tan , 26Z 0X +� ( )

where ϑ is the magnetic field pitch-angle (the angle that
the field line makes with the midplane on the outboard side
of the flux surface). Following [47], we can use this to
calculate the correlation time cU by tracking turbulent
structures as they move poloidally and measuring their
temporal decorrelation. This ‘CCTD’ technique
[44, 47, 49] is as follows. We calculate the correlation
function C t C R Z t0, , 0 ,Z M R% � % � % � %% ( ) ( ( ) ) for
several poloidal separations Z% , as shown in figure B3. As
the structures are advected poloidally, they decorrelate and

Figure B1. A representative radial correlation function fitted with the
function(24) (red line). The points show the measured correlation
function C R%( ) averaged over t and Z and the shaded region shows
the associated standard deviation.

30

Plasma Phys. Control. Fusion 59 (2017) 114003 F van Wyk et al

Correlation function of the density 
fluctuations in MAST plasma [Van Wyck
PPCF 2017]



Correlation function and spectrum
• Using Fourier transforms and the fact that volume 

average implies k’ = – k

⇒ correlation function is Fourier transform of spectrum
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where n ni iE is the density-fluctuation field, which has a
mean of zero, calculated by GS2 and R% , Z% , M% are the
radial, poloidal, and parallel point separations, t% is the
time lag, and �y§ is an ensemble average, viz an average
over all possible pairs of points with the same separation
and time lag. Note that the ensemble averages in the plane
perpendicular to the magnetic field are calculated at 0R � ,
i.e., they are not averaged over θ. This is because in the
laboratory coordinate system, correlation properties vary
strongly with θ owing to the twisting of the magnetic field
lines. Here we wish to capture what occurs at the outboard
midplane, which is the location of the BES diagnostic.
Note also that we divide our data in the time domain into
windows of ∼100–400μs, and calculate separate ensem-
ble averages in each time window. We define the error bars
on our correlation parameters by calculating variances
between those values calculated over these time windows.

Instead of calculating the full correlation function (23), we
will estimate individual correlation lengths and times (which are
defined below) by performing one-dimensional correlation
analyses separately in each direction, i.e., we calculate 1D
versions of the correlation function (23), with respect to only
one of its arguments. All of the representative correlation
functions that are plotted in the sections that follow will be for
the equilibrium parameters , 5.1, 0.16T EL H �( ) ( ) over a real-
space domain of 20×20 cm2 (see figure C1).

B.1. Radial correlation length

The radial correlation length lR is estimated by fitting the
correlation function C R Z t, 0, 0 , 0M R% % � � % �( ( ) )
with a Gaussian function:
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Following [48, 51], this fitting function is adopted on the
assumption that fluctuations have no wave-like structure in
the radial direction. Unlike in the treatment of experimental
data [48, 51], no fitting parameters are necessary here to
account for global offsets in density fluctuations, which are
usually due to large-scale, global MHD modes: in our simu-
lations, the mean density fluctuation over the whole domain is

zero. A representative example of (24) for the radial corre-
lation function is shown infigure B1. The points show the
measured correlation function and the red line the fit (24). The
ensemble average is over t and Z and we assume that radial
correlations do not change with t and Z, i.e., that the system is
statistically homogeneous in time and in the poloidal direc-
tion. The shaded region in figure B1 indicates the standard
deviation calculated over the sum of t and Z. We expect that
C R 0% l( ) as R% l d (and similarly for subsequent
correlation functions in the other directions).

B.2. Poloidal correlation length

The poloidal correlation length is calculated by assuming
wave-like fluctuations in the poloidal direction and fitting
C R Z t0, , 0 , 0M R% � % � % �( ( ) ) with an oscillating
Gaussian function of the form
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where kZ is the poloidal wavenumber. References [48, 51]
found that with only four poloidal channels, there was
insufficient data from the BES diagnostic to fit lZ and kZ
independently. As a result, when fitting experimental data
(and the data with the synthetic diagnostic applied), the
wavenumber is fixed to the value k l2Z ZQ� . In the direct
output of our GS2 simulations, on the other hand, there is a
sufficient number of data points in the poloidal direction, to
allow us to compare fits both with kZ as a free fitting para-
meter and fixed in the way described above. Figure B2 shows
a representative poloidal correlation function from our
simulations along with a fitted function(25), both with fixed
k l2Z ZQ� (figure B2(a)) and free kZ (figure B2(b)). The red
lines in each plot indicate the fit (25) and the dashed lines
indicate the Gaussian envelope Z lexp Z

2� %[ ( ) ]. The
ensemble average is over t and R. We see that the fit with kZ
as a free parameter approximates the correlation function
better and predicts a shorter lZ. For consistency with previous
work, we show the correlation results for both fitting schemes
in section 4.4.

B.3. Correlation time

In the presence of toroidal rotation, turbulent structures are
advected in the poloidal direction with an apparent velocity vZ
given by [47]

v R tan , 26Z 0X +� ( )

where ϑ is the magnetic field pitch-angle (the angle that
the field line makes with the midplane on the outboard side
of the flux surface). Following [47], we can use this to
calculate the correlation time cU by tracking turbulent
structures as they move poloidally and measuring their
temporal decorrelation. This ‘CCTD’ technique
[44, 47, 49] is as follows. We calculate the correlation
function C t C R Z t0, , 0 ,Z M R% � % � % � %% ( ) ( ( ) ) for
several poloidal separations Z% , as shown in figure B3. As
the structures are advected poloidally, they decorrelate and

Figure B1. A representative radial correlation function fitted with the
function(24) (red line). The points show the measured correlation
function C R%( ) averaged over t and Z and the shaded region shows
the associated standard deviation.
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• Correlation length = 
width of correlation 
function 
• Correlation length ~

injection scale

Correlation 
length



Determining the spectrum
• Given the injection scale L (pipe diameter, size of 

propeller, etc), we try to determine
• Exponent ( of inertial range
• Dissipation scale
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Kolmogorov’s cascade
• At the injection scale, instabilities or active stirring 

create structures of size L

• For Re >> 1, viscosity is too small to dissipate energy 
at the injection scale

• Energy must go somewhere, and if it goes to smaller 
scales (larger k), it can be dissipated by viscosity

⇒ cascade = big turbulent structures (= eddies) break 
up into smaller eddies that in turn break into smaller 
eddies and so on
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Transfer of energy between scales
• Equation for u(x, t)

• For Re >> 1, only possible typical time given by

• For each scale Δx, there is a corresponding velocity Δu

• Only viscosity dissipates energy ⇒ energy flow % to 
small scales must be constant within inertial range
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Velocity increment
• Need to determine the velocity Δu for each scale Δx
• Average velocity of a patch of size Δx is irrelevant, so we 

need the velocity increment

• Δu fluctuates ⇒ use structure function ⟨Δu 2⟩V, t

• u(x + Δx, t) ≃ u(x, t) + Δx·∇u(x, t ) ⇒ ⟨Δu 2⟩V, t ∝ Δx 2
for small Δx, BUT in the inertial range of turbulence

• Constant energy flow ) from one scale to another:
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Velocity increment and spectrum
• Expand square inside structure function

• Effectively, integral is between 
• Lower limit: k ~ 1/Δx (1 – exp(ik·Δx) is small for smaller k)
• Upper limit: the dissipation scale

• For Δx in inertial range, 
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Kolmogorov’s spectrum
• ⟨Δu 2⟩V, t ∝ Δx 2/3⇒ ( = 2/3 ⇒ ) = 5/3

• Dissipation:
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More on cascades
• Far more rigorous treatment in U. Frisch’s book 

Turbulence: The legacy of A.N. Kolmogorov
• Kolmogorov’s results rest on several symmetry 

assumptions, such as isotropy, that I have not emphasized
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• Power-law spectra 
observed in plasma 
turbulence
• Theories in plasmas 

must use assumptions 
different from those 
of Kolmogorov
• E.g. magnetized 

plasmas are 
anisotropic

Barnes, Parra & Schekochihin PRL 2011



Transport in magnetized plasmas

• Seemingly, no average 
motion parallel to ∇n, ∇T
• Particle only moves a 

gyroradius rg << L

• True except for collisions
• Rare at high temperatures: 

need frontal collisions to 
change large energies
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E

Ion trajectory

<latexit sha1_base64="TtX6/iI8SdKLPJHiEkpUEwZSCC8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0UQFyVRUZelIrisYB/QhDKZTNqhkwczN2IJ+Qc3/oobF4q4dePOv3HSVtDWAxcO59zLvfe4seAKTPPLKCwsLi2vFFdLa+sbm1vl7Z2WihJJWZNGIpIdlygmeMiawEGwTiwZCVzB2u7wMvfbd0wqHoW3MIqZE5B+yH1OCWipVz6yAwID10+vMmwDD5jCP0o9V9g9pNiT3IesV66YVXMMPE+sKamgKRq98qftRTQJWAhUEKW6lhmDkxIJnAqWlexEsZjQIemzrqYh0duddPxThg+04mE/krpCwGP190RKAqVGgas783vVrJeL/3ndBPwLJ+VhnAAL6WSRnwgMEc4Dwh6XjIIYaUKo5PpWTAdEEgo6xpIOwZp9eZ60jqvWWfXk5rRSq0/jKKI9tI8OkYXOUQ1dowZqIooe0BN6Qa/Go/FsvBnvk9aCMZ3ZRX9gfHwDjmKemg==</latexit> E
⇥

B
d
ri
ft

• In fusion devices, electric field E aligns with ∇n, ∇T

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x

<latexit sha1_base64="0WREbXjvsCD21seHPJTtj0y7SkQ=">AAAB+3icbZBNSwMxEIZn/az1q9ajl2ARPEjZVVGPRS8eK/QL2qXMptk2NJtdkqxYSv+KFw+KePWPePPfmLZ70NYXAg/vzDCTN0gE18Z1v52V1bX1jc3cVn57Z3dvv3BQbOg4VZTVaSxi1QpQM8ElqxtuBGslimEUCNYMhnfTevORKc1jWTOjhPkR9iUPOUVjrW6h2JEYCCTyjGRU6xZKbtmdiSyDl0EJMlW7ha9OL6ZpxKShArVue25i/DEqw6lgk3wn1SxBOsQ+a1uUGDHtj2e3T8iJdXokjJV90pCZ+3tijJHWoyiwnRGagV6sTc3/au3UhDf+mMskNUzS+aIwFcTEZBoE6XHFqBEjC0gVt7cSOkCF1Ni48jYEb/HLy9A4L3tX5YuHy1LlNosjB0dwDKfgwTVU4B6qUAcKT/AMr/DmTJwX5935mLeuONnMIfyR8/kDb+mTaQ==</latexit>rn,rT
<latexit sha1_base64="zBF6ZzouqAazO/uSOB06VVu89rs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcv87hNVmkXy0cxi6gs8lixkBJtMaqjheFituXU3B1olXkFqUKA1rH4NRhFJBJWGcKx133Nj46dYGUY4nVcGiaYxJlM8pn1LJRZU+2l+6xydWWWEwkjZkgbl6u+JFAutZyKwnQKbiV72MvE/r5+Y8MZPmYwTQyVZLAoTjkyEssfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCt/zyKuk06t5V/eLhsta8LeIowwmcwjl4cA1NuIcWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/IRo4U</latexit>

2rg

Particle density Temperature

<latexit sha1_base64="olwMY+WNgScmYFVevcl6Jengd2k=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KoqBeh1IvHCvYD2hI22027dDeJu5tCCQH/ihcPinj1d3jz37htc9DWBwOP92aYmefHnCntON/W0vLK6tp6YaO4ubW9s2vv7TdUlEhC6yTikWz5WFHOQlrXTHPaiiXFwue06Q9vJ35zRKViUfigxzHtCtwPWcAI1kby7EPp9dEN6gQSk1SMPJ2lj9XMs0tO2ZkCLRI3JyXIUfPsr04vIomgoSYcK9V2nVh3Uyw1I5xmxU6iaIzJEPdp29AQC6q66fT8DJ0YpYeCSJoKNZqqvydSLJQaC990CqwHat6biP957UQH192UhXGiaUhmi4KEIx2hSRaoxyQlmo8NwUQycysiA2yS0CaxognBnX95kTTOyu5l+fz+olSp5nEU4AiO4RRcuIIK3EEN6kAghWd4hTfryXqx3q2PWeuSlc8cwB9Ynz8DTpWL</latexit>

rg =
mvt
qB

Charge

Mass Thermal 
speed



<latexit sha1_base64="U8I3f8SfGeKwZOdVN7Z1YWz9llI="></latexit>

@T

@t
=

r2g
2⌧c

@2T

@x2

Transport in magnetized plasmas
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<latexit sha1_base64="tNxt6Zhb/rao+Xpv3hCVaK1PZcg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMtSNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHjwXXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ66IXUjP0grc8G5Ypbdecgf4mXkwrkaAzKn71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekROrDEkQKfukIXP150ZKQ62noW8ns4R62cvE/7xuYoLrfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55L+kdVb1LqvndxeVWj2vowhHcAyn4MEV1OAWGtAEBhKe4AVeHe08O2/O+2K04OQ7h/ALzsc3rceQ7g==</latexit>

B

<latexit sha1_base64="IgV14opcJkqT7F4ADtjNdg1YgRU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiCC4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVdP784qtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fslaQ8Q==</latexit>

E

Ion trajectory

<latexit sha1_base64="TtX6/iI8SdKLPJHiEkpUEwZSCC8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0UQFyVRUZelIrisYB/QhDKZTNqhkwczN2IJ+Qc3/oobF4q4dePOv3HSVtDWAxcO59zLvfe4seAKTPPLKCwsLi2vFFdLa+sbm1vl7Z2WihJJWZNGIpIdlygmeMiawEGwTiwZCVzB2u7wMvfbd0wqHoW3MIqZE5B+yH1OCWipVz6yAwID10+vMmwDD5jCP0o9V9g9pNiT3IesV66YVXMMPE+sKamgKRq98qftRTQJWAhUEKW6lhmDkxIJnAqWlexEsZjQIemzrqYh0duddPxThg+04mE/krpCwGP190RKAqVGgas783vVrJeL/3ndBPwLJ+VhnAAL6WSRnwgMEc4Dwh6XjIIYaUKo5PpWTAdEEgo6xpIOwZp9eZ60jqvWWfXk5rRSq0/jKKI9tI8OkYXOUQ1dowZqIooe0BN6Qa/Go/FsvBnvk9aCMZ3ZRX9gfHwDjmKemg==</latexit> E
⇥

B
d
ri
ft

• In fusion devices, electric field E aligns with ∇n, ∇T

Collision

• After a collision, particles 
move ~ gyroradius rg
• Time between collisions: *c

• After Taylor expansions

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x
<latexit sha1_base64="wiqs28R+CyeTjq/GTY95yALv1Wc="></latexit>

T (x, t+ ⌧c)

=
1

2
T (x+ rg, t) +

1

2
T (x� rg, t)

<latexit sha1_base64="0WREbXjvsCD21seHPJTtj0y7SkQ=">AAAB+3icbZBNSwMxEIZn/az1q9ajl2ARPEjZVVGPRS8eK/QL2qXMptk2NJtdkqxYSv+KFw+KePWPePPfmLZ70NYXAg/vzDCTN0gE18Z1v52V1bX1jc3cVn57Z3dvv3BQbOg4VZTVaSxi1QpQM8ElqxtuBGslimEUCNYMhnfTevORKc1jWTOjhPkR9iUPOUVjrW6h2JEYCCTyjGRU6xZKbtmdiSyDl0EJMlW7ha9OL6ZpxKShArVue25i/DEqw6lgk3wn1SxBOsQ+a1uUGDHtj2e3T8iJdXokjJV90pCZ+3tijJHWoyiwnRGagV6sTc3/au3UhDf+mMskNUzS+aIwFcTEZBoE6XHFqBEjC0gVt7cSOkCF1Ni48jYEb/HLy9A4L3tX5YuHy1LlNosjB0dwDKfgwTVU4B6qUAcKT/AMr/DmTJwX5935mLeuONnMIfyR8/kDb+mTaQ==</latexit>rn,rT



Transport in magnetized plasmas
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<latexit sha1_base64="tNxt6Zhb/rao+Xpv3hCVaK1PZcg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMtSNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHjwXXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ66IXUjP0grc8G5Ypbdecgf4mXkwrkaAzKn71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekROrDEkQKfukIXP150ZKQ62noW8ns4R62cvE/7xuYoLrfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55L+kdVb1LqvndxeVWj2vowhHcAyn4MEV1OAWGtAEBhKe4AVeHe08O2/O+2K04OQ7h/ALzsc3rceQ7g==</latexit>

B

<latexit sha1_base64="IgV14opcJkqT7F4ADtjNdg1YgRU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiCC4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVdP784qtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fslaQ8Q==</latexit>

E

Ion trajectory

<latexit sha1_base64="TtX6/iI8SdKLPJHiEkpUEwZSCC8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0UQFyVRUZelIrisYB/QhDKZTNqhkwczN2IJ+Qc3/oobF4q4dePOv3HSVtDWAxcO59zLvfe4seAKTPPLKCwsLi2vFFdLa+sbm1vl7Z2WihJJWZNGIpIdlygmeMiawEGwTiwZCVzB2u7wMvfbd0wqHoW3MIqZE5B+yH1OCWipVz6yAwID10+vMmwDD5jCP0o9V9g9pNiT3IesV66YVXMMPE+sKamgKRq98qftRTQJWAhUEKW6lhmDkxIJnAqWlexEsZjQIemzrqYh0duddPxThg+04mE/krpCwGP190RKAqVGgas783vVrJeL/3ndBPwLJ+VhnAAL6WSRnwgMEc4Dwh6XjIIYaUKo5PpWTAdEEgo6xpIOwZp9eZ60jqvWWfXk5rRSq0/jKKI9tI8OkYXOUQ1dowZqIooe0BN6Qa/Go/FsvBnvk9aCMZ3ZRX9gfHwDjmKemg==</latexit> E
⇥

B
d
ri
ft

• In fusion devices, electric field E aligns with ∇n, ∇T

Collision

• Random walk estimate

• Energy confinement time

• rg small for large B, and *c
large at large T⇒ fusion!
• Not quite how it works…

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x
<latexit sha1_base64="U8I3f8SfGeKwZOdVN7Z1YWz9llI="></latexit>

@T

@t
=

r2g
2⌧c

@2T

@x2

<latexit sha1_base64="wq4hk5N9OQC7Ahlozdqzzk/zcoo=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUlBwFiBkBgYikQfUhMix3Vaq7YT2Q5SFfUHWPgVFgYQYmVn429w0w7QcqSre3TOvbLvCRNGlXacb6uwsLi0vFJcLa2tb2xu2ds7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTCweXYbz0QqWgs7vQwIT5HPUEjipE2UmAfeBqlwRX0FOXQiyTC2c19dZTJoGcazF0c2GWn4uSA88SdkjKYoh7YX143xiknQmOGlOq4TqL9DElNMSOjkpcqkiA8QD3SMVQgTpSf5deM4KFRujCKpSmhYa7+3sgQV2rIQzPJke6rWW8s/ud1Uh2d+xkVSaqJwJOHopRBHcNxNLBLJcGaDQ1BWFLzV4j7yESiTYAlE4I7e/I8aVYr7mnl+PakXLuYxlEEe2AfHAEXnIEauAZ10AAYPIJn8ArerCfrxXq3PiajBWu6swv+wPr8Ab5Vm14=</latexit>

⌧E ⇠ L2

r2g
⌧c

<latexit sha1_base64="0WREbXjvsCD21seHPJTtj0y7SkQ=">AAAB+3icbZBNSwMxEIZn/az1q9ajl2ARPEjZVVGPRS8eK/QL2qXMptk2NJtdkqxYSv+KFw+KePWPePPfmLZ70NYXAg/vzDCTN0gE18Z1v52V1bX1jc3cVn57Z3dvv3BQbOg4VZTVaSxi1QpQM8ElqxtuBGslimEUCNYMhnfTevORKc1jWTOjhPkR9iUPOUVjrW6h2JEYCCTyjGRU6xZKbtmdiSyDl0EJMlW7ha9OL6ZpxKShArVue25i/DEqw6lgk3wn1SxBOsQ+a1uUGDHtj2e3T8iJdXokjJV90pCZ+3tijJHWoyiwnRGagV6sTc3/au3UhDf+mMskNUzS+aIwFcTEZBoE6XHFqBEjC0gVt7cSOkCF1Ni48jYEb/HLy9A4L3tX5YuHy1LlNosjB0dwDKfgwTVU4B6qUAcKT/AMr/DmTJwX5935mLeuONnMIfyR8/kDb+mTaQ==</latexit>rn,rT



Turbulent transport
• *E is much shorter than the collisional estimate

• Electric field fluctuates and is not aligned with ∇n, ∇T
• We can measure fluctuations of density, temperature and 

magnetic field that result from fluctuating electric field

• Theory predicts microinstabilities driven by the 
temperature and density gradients
• These are ‘micro’ because the fastest growing structures 

have a characteristic length of the order of rg << L

• Need to solve the injection scale problem

25

<latexit sha1_base64="PE9LUtU9W2jjMfzabBSTUShEf2E="></latexit>

⌧E =
energy in the plasma volume

power leaving the plasma



Turbulent transport estimate
• Assume electrostatic electric field: E = – ∇+

26

<latexit sha1_base64="tNxt6Zhb/rao+Xpv3hCVaK1PZcg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMtSNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHjwXXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ66IXUjP0grc8G5Ypbdecgf4mXkwrkaAzKn71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekROrDEkQKfukIXP150ZKQ62noW8ns4R62cvE/7xuYoLrfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55L+kdVb1LqvndxeVWj2vowhHcAyn4MEV1OAWGtAEBhKe4AVeHe08O2/O+2K04OQ7h/ALzsc3rceQ7g==</latexit>

B

Contour of 
constant !

<latexit sha1_base64="0WREbXjvsCD21seHPJTtj0y7SkQ=">AAAB+3icbZBNSwMxEIZn/az1q9ajl2ARPEjZVVGPRS8eK/QL2qXMptk2NJtdkqxYSv+KFw+KePWPePPfmLZ70NYXAg/vzDCTN0gE18Z1v52V1bX1jc3cVn57Z3dvv3BQbOg4VZTVaSxi1QpQM8ElqxtuBGslimEUCNYMhnfTevORKc1jWTOjhPkR9iUPOUVjrW6h2JEYCCTyjGRU6xZKbtmdiSyDl0EJMlW7ha9OL6ZpxKShArVue25i/DEqw6lgk3wn1SxBOsQ+a1uUGDHtj2e3T8iJdXokjJV90pCZ+3tijJHWoyiwnRGagV6sTc3/au3UhDf+mMskNUzS+aIwFcTEZBoE6XHFqBEjC0gVt7cSOkCF1Ni48jYEb/HLy9A4L3tX5YuHy1LlNosjB0dwDKfgwTVU4B6qUAcKT/AMr/DmTJwX5935mLeuONnMIfyR8/kDb+mTaQ==</latexit>rn,rT

<latexit sha1_base64="IgV14opcJkqT7F4ADtjNdg1YgRU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiCC4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVdP784qtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fslaQ8Q==</latexit>

E

<latexit sha1_base64="IgV14opcJkqT7F4ADtjNdg1YgRU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiCC4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVdP784qtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fslaQ8Q==</latexit>

E

<latexit sha1_base64="IgV14opcJkqT7F4ADtjNdg1YgRU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiCC4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVdP784qtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fslaQ8Q==</latexit>

E

<latexit sha1_base64="IgV14opcJkqT7F4ADtjNdg1YgRU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiCC4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHj6Uw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/nj68xvPXJtRKTucRLzXkiHSgSCUbTSQzekOPKD9GbaL1fcqjsD+Uu8nFQgR71f/uwOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbPEU3JklQEJIm2fQjJTf26kNDRmEvp2MktoFr1M/M/rJBhc9lKh4gS5YvOPgkQSjEh2PhkIzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVdP784qtau8jiIcwCEcgwcXUINbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fslaQ8Q==</latexit>

E
<latexit sha1_base64="PaE8LxZqwzxxkA/2TAEIwiugFaY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqqMeiF48V7Ae0S8mm2TY0ya5JVihL/4QXD4p49e9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wj26nfemLa8Fg92HHCAkkGikecEuukdtdwiXVv0CtXvKo3A14mfk4qkKPeK391+zFNJVOWCmJMx/cSG2REW04Fm5S6qWEJoSMyYB1HFZHMBNns3gk+cUofR7F2pSyeqb8nMiKNGcvQdUpih2bRm4r/eZ3URtdBxlWSWqbofFGUCmxjPH0e97lm1IqxI4Rq7m7FdEg0odZFVHIh+IsvL5PmWdW/rJ7fX1RqN3kcRTiCYzgFH66gBndQhwZQEPAMr/CGHtELekcf89YCymcO4Q/Q5w/HtI/P</latexit>⇠ rg

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x
• Instability typical length rg
⇒ fluctuations ~ rg
• Injection scale ~ rg

• Structures only last for a 
turbulent time *t



Turbulent transport estimate
• Assume electrostatic electric field: E = – ∇+
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<latexit sha1_base64="tNxt6Zhb/rao+Xpv3hCVaK1PZcg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMtSNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHjwXXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ66IXUjP0grc8G5Ypbdecgf4mXkwrkaAzKn71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekROrDEkQKfukIXP150ZKQ62noW8ns4R62cvE/7xuYoLrfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55L+kdVb1LqvndxeVWj2vowhHcAyn4MEV1OAWGtAEBhKe4AVeHe08O2/O+2K04OQ7h/ALzsc3rceQ7g==</latexit>

B
<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x

Contour of 
constant !

<latexit sha1_base64="0WREbXjvsCD21seHPJTtj0y7SkQ=">AAAB+3icbZBNSwMxEIZn/az1q9ajl2ARPEjZVVGPRS8eK/QL2qXMptk2NJtdkqxYSv+KFw+KePWPePPfmLZ70NYXAg/vzDCTN0gE18Z1v52V1bX1jc3cVn57Z3dvv3BQbOg4VZTVaSxi1QpQM8ElqxtuBGslimEUCNYMhnfTevORKc1jWTOjhPkR9iUPOUVjrW6h2JEYCCTyjGRU6xZKbtmdiSyDl0EJMlW7ha9OL6ZpxKShArVue25i/DEqw6lgk3wn1SxBOsQ+a1uUGDHtj2e3T8iJdXokjJV90pCZ+3tijJHWoyiwnRGagV6sTc3/au3UhDf+mMskNUzS+aIwFcTEZBoE6XHFqBEjC0gVt7cSOkCF1Ni48jYEb/HLy9A4L3tX5YuHy1LlNosjB0dwDKfgwTVU4B6qUAcKT/AMr/DmTJwX5935mLeuONnMIfyR8/kDb+mTaQ==</latexit>rn,rT
<latexit sha1_base64="TtX6/iI8SdKLPJHiEkpUEwZSCC8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0UQFyVRUZelIrisYB/QhDKZTNqhkwczN2IJ+Qc3/oobF4q4dePOv3HSVtDWAxcO59zLvfe4seAKTPPLKCwsLi2vFFdLa+sbm1vl7Z2WihJJWZNGIpIdlygmeMiawEGwTiwZCVzB2u7wMvfbd0wqHoW3MIqZE5B+yH1OCWipVz6yAwID10+vMmwDD5jCP0o9V9g9pNiT3IesV66YVXMMPE+sKamgKRq98qftRTQJWAhUEKW6lhmDkxIJnAqWlexEsZjQIemzrqYh0duddPxThg+04mE/krpCwGP190RKAqVGgas783vVrJeL/3ndBPwLJ+VhnAAL6WSRnwgMEc4Dwh6XjIIYaUKo5PpWTAdEEgo6xpIOwZp9eZ60jqvWWfXk5rRSq0/jKKI9tI8OkYXOUQ1dowZqIooe0BN6Qa/Go/FsvBnvk9aCMZ3ZRX9gfHwDjmKemg==</latexit>

E
⇥

B
d
rift

<latexit sha1_base64="PaE8LxZqwzxxkA/2TAEIwiugFaY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqqMeiF48V7Ae0S8mm2TY0ya5JVihL/4QXD4p49e9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wj26nfemLa8Fg92HHCAkkGikecEuukdtdwiXVv0CtXvKo3A14mfk4qkKPeK391+zFNJVOWCmJMx/cSG2REW04Fm5S6qWEJoSMyYB1HFZHMBNns3gk+cUofR7F2pSyeqb8nMiKNGcvQdUpih2bRm4r/eZ3URtdBxlWSWqbofFGUCmxjPH0e97lm1IqxI4Rq7m7FdEg0odZFVHIh+IsvL5PmWdW/rJ7fX1RqN3kcRTiCYzgFH66gBndQhwZQEPAMr/CGHtELekcf89YCymcO4Q/Q5w/HtI/P</latexit>⇠ rg

• Instability typical length rg
⇒ fluctuations ~ rg
• Injection scale ~ rg

• Structures only last for a 
turbulent time *t

• After particles move ~ rg , n
and T have been 
redistributed ⇒ different E

<latexit sha1_base64="Dukwo5jHo4Wl9UpowcaI83SWqWM=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VwVRIV7bJUBJcV7AOaECbTSTt08mDmplBCfsWNv+LGhSLdiT/jpK2grQcuHM65l3vv8WLBFZjmp1FYW9/Y3Cpul3Z29/YPyodHbRUlkrIWjUQkux5RTPCQtYCDYN1YMhJ4gnW80W3ud8ZMKh6FjzCJmROQQch9TgloyS3XbCCJC9hWPMC2LwlNpTvI0rGb2gGBoeendxm2gQdM4R+lkWWZW66YVXMGvEqsBamgBZpueWr3I5oELAQqiFI9y4zBSYkETgXLSnaiWEzoiAxYT9OQ6I1OOvsww2da6WM/krpCwDP190RKAqUmgac78xvVspeL/3m9BPyak/IwToCFdL7ITwSGCOdx4T6XjIKYaEKo5PpWTIdExwQ61JIOwVp+eZW0L6rWdfXy4apSbyziKKITdIrOkYVuUB3doyZqIYqe0At6Q+/Gs/FqfBjTeWvBWMwcoz8wvr4Bhqek/w==</latexit>

⌧t ⇠
rg

vE⇥B



Turbulent transport estimate
• Assume electrostatic electric field: E = – ∇+
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<latexit sha1_base64="tNxt6Zhb/rao+Xpv3hCVaK1PZcg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMtSNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybnHjwXXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntR1SaR/LeTGPsh3QkecAZNVZ66IXUjP0grc8G5Ypbdecgf4mXkwrkaAzKn71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekROrDEkQKfukIXP150ZKQ62noW8ns4R62cvE/7xuYoLrfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55L+kdVb1LqvndxeVWj2vowhHcAyn4MEV1OAWGtAEBhKe4AVeHe08O2/O+2K04OQ7h/ALzsc3rceQ7g==</latexit>

B
<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x

Contour of 
constant !
at time t

<latexit sha1_base64="0WREbXjvsCD21seHPJTtj0y7SkQ=">AAAB+3icbZBNSwMxEIZn/az1q9ajl2ARPEjZVVGPRS8eK/QL2qXMptk2NJtdkqxYSv+KFw+KePWPePPfmLZ70NYXAg/vzDCTN0gE18Z1v52V1bX1jc3cVn57Z3dvv3BQbOg4VZTVaSxi1QpQM8ElqxtuBGslimEUCNYMhnfTevORKc1jWTOjhPkR9iUPOUVjrW6h2JEYCCTyjGRU6xZKbtmdiSyDl0EJMlW7ha9OL6ZpxKShArVue25i/DEqw6lgk3wn1SxBOsQ+a1uUGDHtj2e3T8iJdXokjJV90pCZ+3tijJHWoyiwnRGagV6sTc3/au3UhDf+mMskNUzS+aIwFcTEZBoE6XHFqBEjC0gVt7cSOkCF1Ni48jYEb/HLy9A4L3tX5YuHy1LlNosjB0dwDKfgwTVU4B6qUAcKT/AMr/DmTJwX5935mLeuONnMIfyR8/kDb+mTaQ==</latexit>rn,rT

• Similar to collisional 
transport: after time *t , 
particles move ~ rg

• Use random walk estimate 
with *c replaced by *t

Contour of 
constant !
at t + "t

<latexit sha1_base64="mmKTWpNKPnkzM1o87G6vw47H1qY="></latexit>

⌧E ⇠ L2

r2g
⌧t ⇠

L2

rgvE⇥B

<latexit sha1_base64="Dukwo5jHo4Wl9UpowcaI83SWqWM=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VwVRIV7bJUBJcV7AOaECbTSTt08mDmplBCfsWNv+LGhSLdiT/jpK2grQcuHM65l3vv8WLBFZjmp1FYW9/Y3Cpul3Z29/YPyodHbRUlkrIWjUQkux5RTPCQtYCDYN1YMhJ4gnW80W3ud8ZMKh6FjzCJmROQQch9TgloyS3XbCCJC9hWPMC2LwlNpTvI0rGb2gGBoeendxm2gQdM4R+lkWWZW66YVXMGvEqsBamgBZpueWr3I5oELAQqiFI9y4zBSYkETgXLSnaiWEzoiAxYT9OQ6I1OOvsww2da6WM/krpCwDP190RKAqUmgac78xvVspeL/3m9BPyak/IwToCFdL7ITwSGCOdx4T6XjIKYaEKo5PpWTIdExwQ61JIOwVp+eZW0L6rWdfXy4apSbyziKKITdIrOkYVuUB3doyZqIYqe0At6Q+/Gs/FqfBjTeWvBWMwcoz8wvr4Bhqek/w==</latexit>

⌧t ⇠
rg

vE⇥B



GyroBohm estimate
• To finish our estimate, need the size of the E×B drift

• Energy due to electrostatic potential ~ plasma energy

• GyroBohm transport

• Shorter time than collisional because *c >> *t ~ L /vt

29

<latexit sha1_base64="3BCTSKx+zh0MNaftTSdGgaWJ8kM="></latexit>

vE⇥B =
1

B2
E⇥B = � 1

B2
r�⇥B ⇠ �

BL

<latexit sha1_base64="XVYJ113zu+WwDejcfR2RKvZKhu0="></latexit>

vE⇥B ⇠ rg
L
vt ) ⌧E ⇠ L3

r2gvt

<latexit sha1_base64="9j1IeRcBJYOCu5LNiUO/AWcVhDs="></latexit>

q� ⇠ T =
1

2
mv2t

| {z }
definition of vt



Measuring turbulent fluctuations
• We need to detect and model fluctuations of spatial 

size rg and characteristic time *t ~ L /vt

• Turbulence in the cold edge measured with probes or 
with light emitted by the plasma
• Turbulence in the hot core requires more ingenuity
• Radiation-based methods

• Beam Emission Spectroscopy (BES)
• Correlation Electron Cyclotron Emission (CECE)

• Microwave-based methods
• Reflectrometry (reflection)
• Doppler Back-Scattering (DBS) (scattering)
• Phase Contrast Imaging (PCI) (refraction)

30



Simulating turbulence
• Fluid models can be used in the very collisional parts 

of the cold edge
• In the rest of the plasma, collisions are rare, and 

particles travel long distances without thermalizing 
with the background ⇒ need kinetic model
• Turbulence is characterized length scales of the order of rg

and characteristic time *t ~ L /vt << gyrofrequency               
⇒ gyrokinetics ≈ use drifts averaged over finite gyro-orbit

• Simulations require a large range of scales to include 
both the injection and the dissipation scale
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Take-home message
• Turbulence theory usually builds on Kolmogorov’s 

ideas on how to dissipate the injected energy
• Kolmogorov’s ideas are constantly challenged and modified 

because turbulence encompasses many different 
phenomena that do not fit his original work

• In magnetic confinement fusion, we are interested in 
the transport produced by turbulent fluctuations
• The gyroBohm estimate is a starting point: there are many 

effects that modify it significantly: macroscopic flows, 
magnetic field fluctuations, energetic particles, impurities…
• There is still plenty to learn from experiments and theory: 

many observations still baffle us!
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